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Abstract 

In this paper, we present the concept of F -contraction mapping on modular 

metric spaces and prove a fixed point theorem of contraction mapping. The 

relative results will be given. The obtained results generalized and extend fixed  

point results of modular metric spaces in the existing literature. 
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1. Introduction 

Throughout this paper ℕ, ℝ and ℝ+ will denote the set of natural numbers, real 

numbers and positive real numbers. 

Fixed point theory is one of the most useful results in a variety of areas 

 such as nonlinear analysis, differential equation, operator theory, etc. In 1922,                       

Banach first proved formular and proved a theorem regarding a contraction  

mapping, known as Banach contraction principle(see [1]). Due to it’s applica- 

tion in mathematic, several authors have obtained many interesting extensions  

and generalization of the Banach contraction principle(see [2, 3, 4, 5]).   
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Sub-sequently, Wardowski[6] introduce a new definition called F -contraction and  

proved a new theorem concerning F-contraction in 2012. Wardowski defined the  

F -contraction as follows. 

Definition 1.1. [6] Let ℱ be the family of all functions F : ℝ +→  ℝ such that: ：

(F1) F is strictly increasing, i .e. for all x, y   ℝ + such that x < y, F (x) <F (y);        

(F2) for each sequence  
=1nn of positive numbers, lim

𝑛→∞
𝛼𝑛 =0 if  and only if  

lim
𝑛→∞

𝐹(𝛼𝑛) = −∞;  

(F3) there exists k   (0, 1) such that lim
𝛼→0+

𝛼𝑘𝐹(𝛼) = 0.  

 

Definition 1.2. [6] Let (X, d) be a metric space. A mapping T : X  → X  is  said 

to be an F -contraction on (X, d) if there exists F ∈ ℱ and τ > 0 such that, for 

all x, y ∈ X, 

d(Tx, Ty) > 0   τ + F (d(Tx, Ty)) ≤F (d(x, y)) 

A new generalization of Banach contraction principle haven been given by 

Wardowski as follows. 

 

Theorem 1.3. Let (X, d) be a complete metric space and let T : X  → X 

be an F-contraction. Then T has a unique fixed point x*   X and for 

every x  X the sequence 


=1

n }{ nXT   converges to x*. 

This paper is to consider and establish fixed point theorem of F -contraction 

 on modular metric space. The results of this paper generalize and improve some  

known results respect to F -contraction mapping from literature. 

 

2. Preliminaries 

 

Chistyakov introduce the notion of modular metric space in 2006(see[7, 8, 9]). 

Chistyakov defined modular metric space as follows. 

Let X be a nonempty set. Throughout this paper, for a function w : (0, ∞ )× 

X × X → [0, ∞), we write 
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for all λ > 0 and x, yX. 

wλ(x, y) = w(λ, x, y), 

Definition 2.1. [9] Let X be a nonempty set. A function w : (0, ∞) ×X × X→ 

[0, ∞) is said to be a metric modular on X if it satisfies, for all x , y , z   X, 

the following condition: 

(i) wλ(x, y) = 0 for all λ > 0 if and only if x = y; 

 (ii) wλ(x, y) = wλ(y, x) for all λ > 0; 

(iii)  wλ+µ(x, y)≤ wλ(x, z) + wµ(z, y) for all  λ, µ > 0. 

If instead of (i) we have only the condition (i’) 

wλ(x, x) = 0 for all λ > 0, x   X, 

then w is said to be a pseudomodular (metric) on X. 

An important property of the (metric) pseudomodular on set X is that the 
mapping λ↦wλ(x, y) is non increasing for all x, y   X. 

 

Definition 2.2. [9] Let w is a pseudomodular on X. Fixed x0   X. The set 

{Xw = Xw(x0) = {x X : wλ(x, x0) → 0 as λ →∞ } 

 is said to be a modular metric space (around x0). 
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Definition 2.3. [10] Let Xw be a modular metric space. 

(i) The sequence {xn}n∈N in Xw is said to be w-convergent to x   Xw if 

and only if wλ(xn, x) → 0, as n → ∞ for some λ > 0; 

(ii) The sequence {xn}n∈N in Xw is said to be w-Cauchy if wλ(xm, xn) → 0 

 as m, n → ∞  for some λ > 0; 

(iii) A subset C of Xw is said to be w-complete if any w-Cauchy sequence in 

C is a convergent sequence and its limit is in C. 

 

3. Main Results 

Definition 3.1.  Let 𝔉 be the family of all functions F : ℝ+→  ℝ which satisfy 

 conditions (F1) and (F2). 

Theorem 3.2. Let w be metric modular on X and Xw be a w-complete 
modular metric space induced by w. Let T : Xw → Xw and F 𝔉  satisfy 
that if 

wλ(Tx, Ty) > 0   ⇒  τ + F (wλ(Tx, Ty)) ≤ F (wλ(x, y)) (1) 

for all x, y Xw and for all λ > 0, then T has a unique fixed point in Xw.  

 Proof.  First, we can get that T  has at most one fixed point.  Indeed, if 𝑥1
∗ 𝑥2

∗  

X,  T 𝑥1
∗= 𝑥1

∗
   ≠ 𝑥2 

∗ = T 𝑥2
∗, then we obtain 

τ  ≤ F (wλ(𝑥1
∗, 𝑥2

∗)) - F (wλ(T 𝑥1
∗
 , T 𝑥2

∗)), 

for all λ > 0. Which is a contradiction. 

In order to show that T has a fixed point let x0   Xw be arbitrary and fixed. 

We define a sequence {𝑥𝑛}𝑛∈ℕ ⊂ Xw, xn+1 = Txn, n = 0, 1, . . . 

 If there exists n0ℕ for which 𝑥𝑛0+1= 𝑥𝑛0 , then T𝑥𝑛0 =  𝑥𝑛0 and the proof 

is finished. 

Now supposed that xn+1 ≠ x for all n   ℕ.  Then wλ(xn+1, xn) > 0 for all 

n   ℕ and for all λ > 0, using (1), the following holds for all n   ℕ and for 

all  λ > 0: 

F (wλ(xn+1, xn)) ≤F (wλ(xn, xn-1)) - τ ≤F (wλ(xn-1, xn-2))-  2τ 

. . . 
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≤F (wλ(x1, x0)) - nτ.  

 

(2) 

From (2), we get lim
𝑛→∞

𝐹(wλ(xn+1, xn)) = −∞ that together with (F2) gives 

lim
𝑛→∞

F (wλ(xn+1, xn)) = 0,

for all λ > 0.  So for each λ > 0, we have for all ε > 0 there exists n0   

ℕ such  that  wλ(xn+1, xn)  <  ε  for  all  n    ℕ with  n  ≥ n0.   Without  loss of 

generality,  suppose  m, n   ℕ and m > n.  Observe that,  for 
𝜆

𝑚−𝑛
> 0 there 

                   exists 𝑛𝜆/(𝑚−𝑛) ∈ ℕ such that  

                                                       𝑤 𝜆

𝑚−𝑛

(𝑥𝑛+1, 𝑥𝑛) <
𝜀

𝑚−𝑛
, 

 

 

for all n ≥ 𝑛𝜆/(𝑚−𝑛).  Now we have 

wλ(xn, xm) ≤ 𝑤 𝜆

𝑚−𝑛

(𝑥𝑛+1, 𝑥𝑛) + 𝑤 𝜆

𝑚−𝑛

(𝑥𝑛+1, 𝑥𝑛+2) + ⋯ + 𝑤 𝜆

𝑚−𝑛

(𝑥𝑚−1, 𝑥𝑚) 

                  <
𝜀

𝑚−𝑛
+

𝜀

𝑚−𝑛
+ ⋯ +

𝜀

𝑚−𝑛
 

                  =𝜀     

for all m,  n ≥ nλ/(m-n)   N.  This implies {xn}n∈N is a Cauchy sequence. 

From  the completeness of Xw there exists x* Xw such that lim
𝑛→∞

𝑥𝑛=x.* 

Finally, from (F1) and (1) we get that 

                                      wλ(Tx, Ty) < wλ(x,y), 

for  all  𝑥, 𝑦 ∈ Xw  , Tx≠Ty and𝜆 > 0.   Thus 

 

                    wλ(Tx*, x*)=   lim
   𝑛→∞

wλ(Tx*,xn) 

                                  = lim
𝑛→∞

wλ(Tx*,Txn-1) 

                                    ≤ lim
𝑛→∞

wλ(x
*,xn-1)=0, 

for all  𝜆 > 0, which completes the proof.
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Example 3.3. Let X = {(a, 0)   𝑅2|a ≥ 0} ∪{(0, b)   R2|b > 0}. Defined 

the mapping w : (0,∞ ) × X × X → [0, ∞ ) by 

                                                  wλ((a1, 0),(a2, 0))=
|𝑎1−𝑎2|

𝜆
, 

 

                                            wλ((0, b1), (0, b2))=
|𝑏1−𝑏2|

3𝜆
, 

   

and 

                                        wλ((a, 0),(0, b))=
𝑎

𝜆
+

𝑏

3𝜆
= wλ((0, b),(a, 0)) 

We  note that if we take λ→ ∞, then we see that X = Xw and also T and 

F is define by 

T ((a, 0)) = (0, 2a), 

 

and 

      T ((0, b))= (
𝑏

6
, 0), 

 

    

F (α) = ln α. 

 

 We can imply that wλ(Tx, Ty)≤ 
2

3
wλ(x, y) for all x, y   X and all λ > 0. 
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Indeed, case1. let x = (a1, 0), y = (a2, 0), then 

wλ(Tx, Ty) = wλ(T (a1, 0), T (a2, 0)) = wλ((0, 2a1), (0, 2a2)) 

                                                     = 
2|𝑎1−𝑎2|

3𝜆
, 

 

wλ(x,y) =wλ((a1, 0),(a2, 0))=
|𝑎1−𝑎2|

𝜆
, 

𝑤𝜆(𝑇𝑥 , 𝑇𝑥)=
2

3
𝑤𝜆(x,y). 

 

Case2. let x = (0, b1), y = (0, b2), we have 

                   

wλ(Tx, Ty) = wλ(T(0, b1), (0, b2))= wλ((
𝑏1

6
,0),(

𝑏2

6
,0)) 

               =
|𝑏1−𝑏2|

6𝜆
, 

 

 

wλ(x, y)= wλ((0, b1), (0, b2)) = 
|𝑏1−𝑏2|

3𝜆
， 

 

 

wλ(Tx, Ty) =
1

2
 wλ(x, y). 

 

Case3. let x = (a, 0), y = (0, b), then 

 

 

wλ(Tx, Ty)= wλ(T(a, 0), T(0, b)) = wλ((0, 2a), (
𝑏

6
, 0)) 

              = 
2𝑎

3𝜆
+

𝑏

6𝜆
, 
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wλ(x, y) = wλ((a, 0),(0, b))=
𝑎

𝜆
+

𝑏

3𝜆
, 

 

 

wλ(Tx, Ty)≤ 
2

3
wλ(x, y). 

Hence we have 

 

 wλ(Tx, Ty)≤ 
2

3
wλ(x, y). 

 

for all 𝜆 > 0 and x,y  X. Let τ = ln
3

2
, we can get that 

 

𝑒−𝜏 =
2

3
,  

 

wλ(Tx, Ty) ≤ e-τ wλ(x, y), 

τ + ln(wλ(Tx, Ty)) ≤ ln(wλ(x, y)), 

 

τ + F (wλ(Tx, Ty)) ≤ F (wλ(x, y)), 

for all λ > 0, all x, y  X and Tx ≠ Ty. Thus T is a F -contractive 
mapping. Therefore, T has a unique fixed point that is (0, 0)   Xw. 

On the Euclidean metric d on Xw, we see that 

 

𝑑 (𝑇(1,0), 𝑇 (0,
1

2
)) = 𝑑 ((0,2), (

1

12
)) > 𝑑 ((1,0), (0,

1

2
))

Thus, T is not a F -contraction on standard metric space. 
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