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Abstract

In this paper, we present the concept of F -contraction mapping on modular
metric spaces and prove a fixed point theorem of contraction mapping. The
relative results will be given. The obtained results generalized and extend fixed
point results of modular metric spaces in the existing literature.
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1. Introduction

Throughout this paper N, R and R+ will denote the set of natural numbers, real

numbers and positive real numbers.

Fixed point theory is one of the most useful results in a variety of areas
such as nonlinear analysis, differential equation, operator theory, etc. In 1922,
Banach first proved formular and proved a theorem regarding a contraction
mapping, known as Banach contraction principle(see [1]). Due to it’s applica-
tion in mathematic, several authors have obtained many interesting extensions

and generalization of the Banach contraction principle(see [2, 3, 4, 5]).
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Sub-sequently, Wardowski[6] introduce a new definition called F -contraction and
proved a new theorem concerning F-contraction in 2012. Wardowski defined the

F -contraction as follows.

Definition 1.1. [6] Let F be the family of all functions F : R+— R such that: :
(F1) F is strictly increasing, i.e. for all X,y € R+ suchthatx <y, F (X) <F (y);

(F2) for each sequence {an }:;1 of positive numbers, lim a, =0 if and only if
n—oo

lim F(a,) = —x;
n—-oco

(F3) there exists k e (0, 1) such that lim, akF(a) = 0.
a—

Definition 1.2. [6] Let (X, d) be a metric space. A mapping T: X — X is said
to be an F -contraction on (X, d) if there exists F € F and z > 0 such that, for
all x,y € X,

d(Tx, Ty) >0 = =+ F (d(Tx, Ty)) <F (d(x, y¥))

A new generalization of Banach contraction principle haven been given by

Wardowski as follows.

Theorem 1.3. Let (X, d) be a complete metric spaceand let T : X - X
be an F-contraction. Then T has a unique fixed point X" € X and for

every x € X the sequence {T"X}", converges to X .

This paper is to consider and establish fixed point theorem of F -contraction
on modular metric space. The results of this paper generalize and improve some

known results respect to F -contraction mapping from literature.

2. Preliminaries

Chistyakov introduce the notion of modular metric space in 2006(see[7, 8, 9]).
Chistyakov defined modular metric space as follows.
Let X be a nonempty set. Throughout this paper, for a function w : (0, oo )%

X x X — [0, o), we write
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wW(X, y) = W(4, x, ),
forall 2> 0andx, yeX.

Definition 2.1. [9] Let X be anonempty set. A functionw : (0, o0) xX x X—

[0, o0) is said to be a metric modular on X if it satisfies, for all X,y ,z € X,
the following condition:

@D wi(x,y)=0forall A>0if and only if x=V;
(i) wi(x, y) = wu(y, x) forall A > 0;
(i) Waru(X, Y)S Wi, z) +wy(z, y) forall A4, 4> 0.
If instead of (i) we have only the condition (i’)
w;(X, X) =0 forall 2> 0,x € X,
then w is said to be a pseudomodular (metric) on X.

An important property of the (metric) pseudomodular on set X is that the
mapping A—w;(X, y) is non increasing for all x, y € X.

Definition 2.2. [9] Let w is a pseudomodular on X. Fixed xo € X. The set
{Kw = Xw(Xo) = {X € X : wy(X, Xo) > 0as A —oo }

is said to be a modular metric space (around Xo).
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Definition 2.3. [10] Let Xy, be a modular metric space.

(i) The sequence {Xn}nen in Xy is said to be w-convergent to x € Xw if
and only if w,(Xn, X) — 0, as n — oo for some 1 > 0;

(ii) The sequence {Xn}nen in Xy is said to be w-Cauchy if w;(Xm, Xn) — 0
asm, n — oo for some A > 0;
(iii) A subset C of X is said to be w-complete if any w-Cauchy sequence in

C is a convergent sequence and its limit is in C.

3. Main Results

Definition 3.1. Let & be the family of all functions F : R+ — R which satisfy
conditions (F1) and (F2).

Theorem 3.2. Let w be metric modular on X and X be a w-complete

mc;(tjﬂlar metric space induced by w. Let T : Xy — Xy and F €& satisfy

wi(Tx, Ty) >0 = t+F(wi(Tx, Ty)) < F(wi(Xx,y)) (2)
for all x, y € Xw and for all 2 > 0, then T has a unique fixed point in Xy.
Proof. First, we can get that T has at most one fixed point. Indeed, if x; x5 €
X, Txi=x; # x;=Tx;, then we obtain

T < F(Wa(xg, x3)) — F(Wa(Txq, Tx3)),

for all A > 0. Which is a contradiction.

In order to show that T has a fixed point let Xo € Xw be arbitrary and fixed.
We define a sequence {x,; }heny € Xw, Xn+1 = TXn, N =0, 1, ...

If there exists noe N for which x,,0,1= x50 , then Tx,,o = x,0 and the proof
is finished.

Now supposed that x,+1 # x for all n € N. Then w;(Xn+1, Xn) > 0 for all
n € N and forall 1 > 0, using (1), the following holds for all n € N and for
all 2> 0:

F (Wa(Xn+1, Xn)) <F (W2 (Xn, Xn-1)) — 7 <F (W2 (Xn-1, Xn-2))~ 27

Progressive Academic Publishing, UK  Page 42 www.idpublications.org



European Journal of Mathematics and Computer Science| Vol. 7 No. 2, 2020
ISSN 2059-9951

<F (W,(X1, Xo0)) — nz.

)

From (2), we get Tlll_l;lc‘)lo F(W;(Xn+1, Xn)) = —oo that together with (F2) gives
1{5130 F (Wi(Xn+1, Xn)) =0,

for all A > 0. So for each A > 0, we have for all ¢ > 0 there exists ng e

N such that w;(Xn+1, Xn) < ¢ for all n € Nwith n >no. Without loss of

generality, suppose m, n € N and m > n. Observe that, for ﬁ > 0 there

exists 1 (m-n) € N such that

£
w (xn+1rxn) < _

R m 1

A
n
m-n

for all N = nym_ny. Now we have

Wi (Xn, Xm) < w

A A
m-n

(xn+1»xn) + WL(xn+1»xn+2) +oe+woa (xm—l'xm)
m-n m-n

& + & 4ot &

m-—-n m-—-n m-—-n

for all m, n > n;m-n) € N. This implies {Xn}nen is a Cauchy sequence.

From the completeness of X, there exists X~ e Xy such thatlim x,=x."

n—oo

Finally, from (F1) and (1) we get that
wi(Tx, Ty) <wi(X,y),
for all x,y € Xo, Tx#Ty andA > 0. Thus

wWi(Tx", X)= lim wy(TX",Xn)
n—-oo
= lim w;(TX", TXn-1)
n—-oo
< lim w;(X",Xn-1)=0,
n—oo

for all A > 0, which completes the proof.
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Example 3.3. Let X ={(a,0) € R?|a=0}u{(0,b) € R?|b>0}. Defined
the mapping w : (0,00) X X x X — [0, o) by

w((as, 0),(az, 0))=1112%2!

|[b1—b3|

w;((0, bi), (O, b2)= TR

and
b
We note that if we take 1— oo, then we see that X = Xy and also T and

F is define by
T((a,0)) = (0, 2a),

T((0, )= 0),
and

F(a)=Ina.

We can imply that w,(Tx, Ty)< gwl(x, y) forall x,y € Xand all 2 > 0.
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Indeed, casel. let x = (a1, 0), y = (a2, 0), then

W(TX, Ty) =wi(T (a1, 0), T (az, 0)) = w,((0, 2a1), (0, 2a,))

_ 2|lal-az2|
327

Wi(xy) =w;((as, 0),(az, 0))=21222]

(T, Te)=2 i (X.Y)-
Case2. let x = (0, by), y = (0, by), we have

w;(TX, Ty) = W,(T(0, ba), (0, bz))= w;((*2,0),(22,0))

— |by—by|
6r '’

wa(X, )= wa((0, bs), (0, b2)) = %’

w,(Tx, Ty) =% w,(X, ).
Case3. let x =(a, 0), y = (0, b), then

w;i(Tx, Ty)= w;(T(a, 0), T(O, b)) = w;((0, 2a), (%, 0))

—2a_, b
T 31 eA
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wi(X, ¥) = wi((a, 0),(0, b)=5 + 2%,

W(Tx, TY)< Jwi(x, ¥).

Hence we have

Wi(Tx, TY)< Swi(x, ¥).

forall A >0and x,ye X. Letz=1n % we can get that

wWi(TX, Ty) < e7"'wy(X,Y),

z+In(w(TX, Ty)) < In(w,(X,Y)),

7+ F(W.i(TX, Ty)) < F(wi(x,Y)),

forall 2 >0, all x,ye Xand Tx = Ty. Thus T is a F -contractive
mapping. Therefore, T has a unique fixed point that is (0, 0) € Xu.

On the Euclidean metric d on X, we see that

d <T(1,0),T (o%)) —d ((0,2), (%)) >d <(1,0), (0,%))

Thus, T is not a F -contraction on standard metric space.
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