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ABSTRACT 

 

In present work, a finite element based solution technique for general steady-state two-

dimensional, incompressible confined turbulent flow in long parallel-sided channels with a 

one-equation model to depict the viscosity of turbulence has been developed and adopted. 

Particular attention is given to the important aspect of studying the flow behaviour in the 

‘near wall zone’ of confined flow. It is particularly important that the transfer of mass and 

momentum within this zone is modelled accurately in order to obtain correct overall 

predictions. In this paper, two different methods of solutions have been tested when the near 

wall zone has been extended away from the solid wall. 
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wall zone; Finite element method.  

 

INTRODUCTION  

 

Due to the growth of technology, the complexity of the Navier-Stocks equations which 

represent the fluid motion and the impossibility for an analytical solution to these equations, 

as a result of this much attention has been focused on computational fluid dynamics (CFD) 

for solving the resulting set of nonlinear partial equations which dominate the flow behavior 

processes. Numerous theoretical and experimental works are available on laminar flow [1-2], 

but this is not the case of turbulent flow. Since it has not been possible to obtain exact 

analytical solutions to such flows, an accurate numerical approach would be very beneficial 

to researchers. The finite element method (FEM) is one of these methods that have recently 

emerged as a powerful tool for solving the N-S equations. Within the computational domain 

(i.e. main domain), the finite element method is used to discretise the equations governing the 

fluid motion. 

 

It is known that the values of the pertinent variables change from some initial profile to a 

fully developed form, which is thereafter invariant in the downstream direction when a fluid 

enters a prismoidal duct. The analysis of this region is known as developing region, which 

has been the subject of extensive studies. 

 

An effective technique with significant grid refinement is required to model the variation of 

the pertinent variables near a solid boundary, where the variation in velocity and kinetic 

energy, in particular, is extremely large near such surfaces since the transfer of shear form the 

boundary into the main domain and the nature of the flow changes rapidly. Several solution 

techniques have been suggested in order to avoid such excessive refinement [3-5]. A more 

common approach is to terminate the actual domain subject to discretisation (main domain) at 

some small distance away from the wall, where the gradients of the independent variables are 

relatively small, and then a technique is a required to model the flow behaviour in the near 

wall element. In previous work different techniques were used. One of them was the use of an 

element technique, which is based on the use of the one dimensional finite element technique 
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in one direction normal to the solid wall. The validity of the wall element technique has been 

tested and proved for developing and fully developed turbulent flow [6-7] when the near wall 

zone located at limited distance from the solid wall. Presently, the validity of this technique 

has been tested for developing and fully developed flow at extended near wall zone away 

from the wall using two different methods of solutions to simulate the turbulent flow in a 

smooth straight channel. 

 

Mathematical Modelling  

Steady - state incompressible two dimensional turbulent flow of a Newtonian viscous fluid 

with no body forces acting has been investigated and therefore the Navier-Stokes (N-S) 

equations associated with this type are, 

 u j 




u

x

i

j

 = - 




p

xi

 + 


x j









e

i

j

j

i

u

x

u

x


























 ……... (1)  

 Where i,j= 1,2. ui, p are the time - averaged velocities and pressure respectively,  is the fluid 

density, e is the effective viscosity which is given by e =  + t,   and t are the molecular 

viscosity and turbulent viscosity,  respectively. The flow field must satisfy the continuity 

equation, which may be written as: 
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Equation (1) and (2) cannot be solved unless a turbulence closure model can be provided to 

evaluate the turbulent contribution to e . In the present work, a one equation model has been 

adopted so that, 

 

   12/1kCt    ……………......................... (3) 

1  is the length scale of turbulence which is given by 1 = 2.5 1m, 1m is the mixing length 

based on the Prandtl hypothesis which has been specified algebraically for the present 

purposes as 0.4 times the normal distance from the nearest wall surface, C  is a constant and 

k is the time-averaged turbulence kinetic energy. The t given by equation (3) requires that k 

to be known. This can be evaluated via a further transport equation given by: 
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Where E=
 1/2/3kCD

, 
kt  /  is the turbulent diffusion coefficient, k  is the turbulent 

Prandtl or Schmidt number and CD is a constant. 

The turbulence model based on equations (1-2) and (4) are called the one-equation (k-l) 

model. The above governing equations have been solved using a finite element method [8].  

     

Within the near wall zone either universal laws concept [9] or one dimensional parabolic 

element in a direction normal to solid wall is adopted. Within the main domain, conventional 

two dimensional isoparametric elements domain two dimensional elements up to the wall are 

used to discretise the flow domain.  

 

BOUNDARY CONDITIONS  

Constant values are assumed on all variables upstream was considered for developing flow 

and compatible fully developed velocity and kinetic energy profiles which looks like 
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parabolic curve were imposed at the upstream section when fully developed pressure 

turbulent flow was considered at the first stage and the traction’s were updated at 

downstream. In both cases no slip conditions were imposed on solid walls and tractions 

updated downstream as shown in Fig. 1. Tractions are given by, 
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   x2- normal to walls 

 

Within the near wall zone universal laws or conventional finite elements (i.e. 2-D elements 

up to the wall) were used. In the present work, a wall element technique based on finite 

elements method has been adopted, using one-dimensional (3-noded elements) normal to the 

wall as shown in Fig. 2. 

 

SOLUTION PROCEDURE 

 

In the present work, two classes of solution methods have been used to solve the systems of 

algebraic equations. One is called coupled method (direct method). In this method, the matrix 

equations relating to the main domain and the near wall zone are combined together in one 

matrix and subsequently solved.  The other method is an uncoupled method in which the 

matrix equations for the main domain and the near wall zone are solved separately. 

      

In coupled method, the equations from the one dimensional elements normal to the wall in 

the N.W.Z. and the two dimensional elements in the main are assembled together to form one 

matrix. One-dimensional element numbering is continuous with those in the computational 

domain, such that more elements could be placed where higher gradients exist. Care was 

taken when assembling the equations to ensure that the same degree of freedom was being 

used at common nodes. 

       

In uncoupled method, the interfacial matching between each domain is affected in a similar 

manner to that used when unidimensional elements normal to the wall (one-dimensional 

elements) is employed in the N.W.Z. and conventional two-dimensional elements employed 

in the main computational domain. At the interface, each nodal point associated with 

elements in the main domain corresponds to a set of unidimensional parabolic elements in the   

N.W.Z. 

 

RESULTS AND DISCUSSION 

 

Finer meshes distribution were used such that with further refinement no increase in accuracy 

was apparent when a parallel-sided duct of width D, which is taken as 1.0 in the present 

work, and the length L. Reynolds number based upon the width of the channel of 12.000 was 

considered when pressure flow was considered only. 

 

All the results obtained previously [6-7] were when the mesh was terminated at 0.49D from 

the centre line (symmetric line). In the present work, the interface was located at 0.48D and 

0.47D from the symmetric line, with values of Y
+
=24 and Y

+
=31, respectively. In this paper, 

two stages have been considered and in both two different methods of solutions (coupled and 

uncoupled) were used with extension of near wall zone further into main domain. 
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In the first stage the validity of the technique when developing turbulent flow was 

considered. A finer discretisation of the geometry consist of 56 elements, 199 nodes and the 

channel length was taken and 1-D elements normal to the wall are employed in near wall 

zone. 

 

Figures 3 and 4 shows Developing velocity profiles for turbulent flow when the N.W.Z. is 

extended up 0.47D , at  10D downstream, L=10D, Re=12.000. Clearly, Fig. 4, the velocity 

plots became smoother when all element types are embodied within one over matrix, 

especially when the mesh is terminated at 0.47D as compared to the curve in Fig. 3 when an 

uncoupled method based on an iterative technique was employed. Fig. 5 and Fig. 6 present 

downstream kinetic energy profiles for  turbulent flow, at 10D downstream, L=10D,  

Re=12.000, at interface 0.47D. Fig. 6 confirmed that the use of coupled method gave 

smoother results when the N.W.Z. was extended up to 0.47D and corresponding to Y
+
=31 at 

this location.  

                                        

The next stage was concerned again with the validation of the adopted wall element 

technique when fully developed turbulent flow was considered in an extended near wall zone 

using both coupled and uncoupled methods  of solutions.  Figures 7 and 8 Shows fully 

developed velocity profiles and kinetic energy profiles  for turbulent flow, at 1.4D 

downstream, L=1.4D, Re=12.000, when the N.W.Z. is extended up 0.47D.  

 Now, it is quite obvious that better and smoother results are obtained for fully developed 

flow when the wall element technique was adopted in the extended near wall zone as shown 

in figures 7 and 8 compared with those obtained in figures 3 and 5 when developing flow was 

considered.  

 

 

 

 

 

 

 

 

 

 

           

 

 

 

 

Fig.1 Boundary conditions when the mesh is         Fig. 2 One-dimensional elements in one- 

terminated at small distance away from the wall          direction normal to the wall used in the 

N.W.Z.                          
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 Fig. 3 Developing velocity profiles, equations            Fig. 4 Developing velocity profiles, 

equations solved using iterative technique                            solved in one matrix                        

                                                                                                                                                                                                                                            

                                                                                                                     

                                                

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 Fig. 5 Downstream kinetic energy profiles for             Fig. 6 Downstream kinetic energy profiles for                          

developing turbulent flow using  iterative                     developing turbulent flow when coupled and 

technique                                                                        uncoupled methods used   
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 Fig. 7  Fully developed velocity profiles for                 Fig. 8  Fully-developed kinetic energy 

profiles                    

 turbulent flow                                                                 for turbulent Equations solved in one 

matrix 

                                                                                                                                                                             

                                                                                                                

CONCLUSION  

 

The adopted wall element technique (1-D element in one direction normal to the wall) which 

is based on the use of the finite element methods has been applied successfully to developing 

and fully developed turbulent flow in extended near wall zone, and shows excellent results 

for fully developed flow, since each 1-D string of elements is analysed individually, this 

saved computer memory and time required. Also, the use of coupled method was better than 

the iterative method when the near wall zone was extended. This applies to both developing 

and fully developed flow. However, for low Y+ values the uncoupled method was still 

applicable. 
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